We consider the problem − u = |u| p−1−ε u in Ω, u = 0 on ∂Ω, where Ω is a bounded smooth domain in R N symmetric with respect to x 1 , . . . , x N , which contains the origin, N 3, p = N +2 N −2 and ε is a positive parameter. As ε goes to zero, we construct sign changing solutions with multiple blow up at the origin. These solutions have, as ε goes to zero, more and more annular-shaped nodal domains. © 2006 Elsevier Masson SAS. All rights reserved.
Introduction
We consider the problem − u = |u| p−1−ε u in Ω, u = 0 o n ∂Ω, (1.1) where Ω is a bounded smooth domain in R N , N 3, p = N +2
N −2 and ε is a positive parameter. First, let us consider the critical case, i.e. ε = 0. Pohozaev proved in [39] that problem (1.1) has no solutions if Ω is starshaped. On the other hand, Kazdan and Warner observed in [32] that (1.1) has a positive radial solution when Ω is an annulus. In [5] Bahri and Coron proved that (1.1) has a positive solution, provided that Ω has nontrivial topology. To our knowledge there are only few results about existence of sign changing solutions of problem (1.1) in the critical case. In [30] the authors provide existence and multiplicity of sign changing solutions in specific cases, like for instance in the case of tori. In [19] the authors obtain existence and multiplicity results for sign changing solutions in domains with small holes and in some contractible domains with an involution symmetry. We also recall the classical result of Ding [25] who showed that (1.1) has infinitely many sign changing solutions in the whole space Ω = R N . Concerning sign changing solutions for different problems with critical growth, we refer to the papers [1, 2, 15, 17, 18, 27, 31, 34] .
In this paper, we deal with the slightly subcritical case, i.e. ε > 0. In order to state old and new results, it is useful to recall some well known definitions. We denote by G the Green's function of the Laplacian with Dirichlet boundary condition on ∂Ω and by H its regular part, i.e. G(x, y) = C N |x − y| 2 In [13, 26, 29, 42, 41] it was proved that, as ε goes to zero, u ε blows up and concentrates at a single point ξ in Ω, which is a critical point (a minimum point) of the Robin's function. Conversely, it was shown in [41, 37] that, if ξ is a "stable" critical point of the Robin's function, then problem (1.1) has for ε small a solution which blows up at ξ as ε goes to zero. In general, problem (1.1) can have positive solutions which concentrate simultaneously at different points ξ 1 , . . . , ξ k of Ω, k 2, as ε goes to zero. This was analysed in [40, 6, 37] : the condition which ensures existence and multiplicity of solutions which blows up at more than one point involve both the Green's function and Robin's function. As far as the existence of positive solutions to (1.1) is concerned, we want to point out the fact that if u ε solves (1.1) and blows up at some points ξ 1 , . . . , ξ k of Ω, then necessarily each ξ i is a simple blow up point (see [33] ). More precisely, the profile of the solution u ε near each blow up point ξ i can be approximated as
, with α N = [N(N − 2)] (N −2)/4 , for some constant λ i which depends only on N and k. Roughly speaking, we can also say that u ε has k simple positive bubbles. The existence of one sign changing solution to (1.1) for ε ∈ (0, p − 1) was first proved in [16] and [8] . Later, multiple sign changing solutions and their nodal properties were studied in [7, 9] . In all these papers, the authors consider a larger class of nonlinearities with superlinear and subcritical growth. In particular, in [7, 9] it is shown that, for fixed ε ∈ (0, p − 1), problem (1.1) has a sequence of sign solutions ±u n ε , with u n ε → ∞ as n goes to ∞, and such that u n ε has at most n + 1 nodal domains. Recently in [10] , the authors proved the existence of N pairs ±u i , i = 1, 2, can be approximated when ε goes to 0 as
, with α N = [N(N − 2)] (N −2)/4 , for some constant λ i which depends only on N .
In this paper, we focus on a new phenomenon: we observe the presence of sign changing bubble towers constituted by superposition of positive bubbles and negative bubbles of different blow up orders. This stands in strong contrast to the fact that positive solutions to (1.1) can only have simple bubbles in the subcritical case (see [33] ). We assume that Ω is a bounded smooth domain in R N symmetric with respect to x 1 , . . . , x N , which contains the origin. Our main result reads: Theorem 1.1. For any integer k 1, there exists ε k > 0 such that for any ε ∈ (0, ε k ) there exists a pair of solutions u ε and −u ε to problem (1.1) such that
where It seems that this is the first result dealing with sign changing bubble tower solutions for superlinear boundary value problems close to the critical exponent. The asymptotic expansion and some energy estimates derived in the course of the proof allow to draw interesting consequences concerning the number and shape of the nodal domains of the solution u ε . More precisely, we have In particular, we obtain solutions with arbitrarily many annular shaped nodal domains as ε goes to 0. The proof of Theorem 1.1 relies on a form of Lyapunov-Schmidt procedure (see [4] ), which reduces the construction of the searched solutions to a finite dimensional variational problem, in a general scheme already followed in the study of bubble towers in [20, 21, 24] .
Let us point out that the situation turns out to be very different in the slightly supercritical case, i.e. ε < 0. We recall that, if the domain Ω has a small hole, problem (1.1) has positive solutions blowing up at two or three points, see [22] and [38] . Moreover, if Ω has some symmetries, problem (1.1) has solutions blowing up at an arbitrary number of points (see [23, 35, 38] ). An interesting nonexistence result obtained in [11] states that, for any domain Ω, there are no positive solutions to (1.1) blowing up at a single point as ε goes to zero. A natural question then arises: is it possible to construct a sign changing bubble tower solution to (1.1) (as in Theorem 1.1) when ε is negative and small enough? We conjecture that the answer is negative. Indeed this is suggested by the estimates obtained in the present paper. More precisely, in order to detect sign changing bubble tower solutions in the slightly supercritical case, we could reduce the problem in the same way to a finite dimensional one, but for small negative ε the reduced functional (the functioñ I ε defined in Lemma 4.1 below) does not have any critical points (as follows from Lemma 4.2 and estimate (4.24)).
It is also worth to compare Theorem 1.1 with recent results on positive bubble tower solutions for the supercritical Dirichlet problem
where Ω is a bounded smooth domain in R N , N 4, ε and λ are positive parameters. In [20] the authors considered the case when Ω is a ball and they proved the existence of radial solutions to (1.2), which have a multiple bubble at the origin, provided ε and λ are small enough. Recently, the result was extended in [28] , where the authors constructed solutions to problem (1.2), which have multiple blow up at finitely many points which are the critical points of a function whose definition involves the Green's function. Successively, existence of bubble tower solutions was established for the Neumann supercritical problem
when Ω is even with respect to N − 1 variables, N 3 and 0 is a point in ∂Ω with positive mean curvature. In [24] the authors proved the existence of solutions to (1.3) which resemble the form of a superposition of bubbles centered at 0. The proof of Theorem 1.1 relies on a form of Lyapunov-Schmidt procedure (see [4] ), which reduces the construction of the searched solutions to a finite-dimensional variational problem, in a general scheme already followed in the study of bubble towers in [20, 21, 24] . The paper is organized as follows. In Section 2 we collect basic tools, and we introduce a change of coordinates. In Section 3 we apply a finite-dimensional reduction method to the transformed problem. We like to warn the reader that in this section we did not repeat the proofs of the estimates required for the reduction procedure, referring the reader to [20, 21, 24] . In Section 4 we derive an asymptotic expansion for the reduced energy functional. Here we decided to include the details, since the expansion shows crucial differences in comparison with [20, 21, 24] . Finally, in Section 5 we complete the proof of Theorem 1.1 and we prove Theorem 1.2.
Preliminaries
It is well known (see [3, 14, 43] ) that the functions
, μ>0,
4 , are the only radial solutions of the equation
We define π μ to be the unique solution to the problem
We remark that the function P w μ := w μ + π μ is the projection onto H 1 0 (Ω) of the function w μ , i.e.
It is well known that the following expansion holds
Let us consider parameters μ 1 > μ 2 > · · · > μ k . We look for a solution to (1.1) of the form
where the rest term ψ is a small function which is even with respect to the variables y 1 , . . . , y N . As in [20, 21, 24] , we rewrite this problem in different variables. We consider spherical coordinates y = y(ρ, Θ) centered at the origin given by ρ = |y| and Θ = y |y| . We define the transformation
We denote by D the subset of S = R × S N −1 where the variables (x, Θ) vary. After these changes of variables, problem (1.1) becomes
where We observe then that
where
W is the unique solution of the problem
We see also that setting
then Π ξ solves the boundary problem
We note the useful fact that this transformation leaves the associated energies invariant (up to a constant). Indeed, the energy functional associated to problem (2.3) is
and the energy functional associated to problem (1.1) is
Then we have the identity
Let us consider points 0 < ξ 1 < ξ 2 < · · · < ξ k . We look for a solution to (2.3) of the form 
solves (1.1). Therefore, the ansatz given for v provides (for large values of the ξ i 's) a sign changing bubble-tower solution for (1.1). Let us write
We consider the ansatz v = V + φ. In terms of φ, problem (2.3) becomes
Here, we set f ε (s) := |s| p−1−ε s.
The reduction method
Rather than solving (2.14) directly, we consider first the following intermediate problem: given points ξ := (ξ 1 , . . . , ξ k ) ∈ R k find a function φ symmetric with respect to the variables Θ 1 , . . . , Θ N such that for certain con-
where the Z i 's are defined as follows. Let
Each z i solves the linearized problem (see [12] )
Let P z i be the projections onto H 1 0 (Ω) of the function z i , i.e.
o n ∂D. In order to solve problem (3.1), it is necessary to understand first its linear part. Given a function h, we consider the problem of finding φ such that for certain real numbers c i the following is satisfied
where the linear operator L is defined in (2.15). We need uniformly bounded solvability in proper functional spaces for problem (3.2), for a proper range of the ξ i 's. To this end, it is convenient to introduce the following norm. Given a small but fixed number 0 < σ < 1, we define:
g(x, Θ) .
Although this norm depends on σ and the numbers 0 < ξ 1 < · · · < ξ k , we do not indicate this dependence in our notation. 
3)
then for any h ∈ C * problem (3.2) admits a unique solution T ε (ξ, h) ∈ C * , with
Moreover, the map ξ → T ε (ξ, h), with values in L(C * ), is of class C 1 and
Now, we are ready to solve problem (3.1). We shall do this after restricting conveniently the range of the parameters ξ i . Let us consider for a number M large but fixed, the following conditions:
Arguing exactly as in Proposition 3 in [20] and in Lemma 6.1 in [21] , we prove the following result. 
Estimates for the reduced functional
In this section, we fix a large number M and assume that conditions (3.4) hold true for ξ = (ξ 1 , . . . , ξ k ). According to the results of the previous section, our problem has been reduced to that of finding points ξ i so that the constants c i which appear in (3.1), for the solution φ given by Proposition 3.2, are all equal to zero. Thus, we need to solve the system of equations If (4.1) holds, then v = V + φ will be a solution to (2.14) or equivalently to (2.3). This system turns out to be equivalent to a variational problem, related to the functional (2.9) associated to problem (2.3). Indeed, by the same (standard) arguments as given on p. 301 in [20] , the following result is proved.
Lemma 4.1. The function V + φ is a solution to (2.3) if ξ is a critical point of the function
where V = V (ξ) is given by (2.13), φ = φ(ξ ) is given by Proposition 3.2, and I ε is defined in (2.9).
The following estimate is crucial for finding critical points ofĨ ε . It can be proved exactly as Lemma 4 in [20] and Lemma 6.2 in [24] .
Lemma 4.2. The following expansion holds:
where the term o(ε) is uniform over all points satisfying constraints (3.4), for some given M > 0.
We make the following choices for the points ξ i :
where the Λ i 's are positive parameters. For notational convenience, we also set Λ :
The advantage of the above choice is the validity of the expansion of the functional (2.9) given in the following lemma. 
where The proof of this expansion relies on arguments inspired by [20, 21, 24] . For the convenience of the reader, we present the details here. As a first step, we collect some asymptotic estimates in the following lemma. 
Here ω N −1 is the surface area of S N −1 . Moreover, considering the numbers
Here we have set a 3 := (
Proof. Throughout this proof, C stands for a generic constant depending only on N and k whose value may change in every step of the calculation. From (2.5) we directly deduce the estimate
which will be frequently used in the following. Combining the assumption δ < Λ i < δ −1 with (4.2) and (4.3), we get
We start by verifying (4.7), first for i = l and j = l. In this case (4.11) implies
Next we consider j = l. By (4.11) we get for i < l
For i > l, we find similarly
and thus (4.7) is proved in all cases. Next we derive (4.8) for j < l, using the definition of W given in (2.5):
The proof for j > l is similar, since W (−x) = W (x) for all x ∈ R. In particular, (4.7) and (4.8) yield
Next we show (4.4), and we set W =
, (2.7) and (4.12) we infer
Hence the mean value theorem implies 15) and, by (4.13),
Combining (4.15) and (4.16) we get
which shows (4.4). Since the proof of (4.5) is similar, we omit it. To show (4.6), we use again (4.13) and (4.14) to estimate
Here we used that W (−x) = W (x) for all x ∈ R. It remains to show (4.9) and (4.10). Via a Taylor expansion, we get
and from (4.6) we deduce
Next we note that
Finally, by (2.11) we have
and it is well known that
where We note that, by (4.2) and (4.3), we get The claim now follows from (4.24)-(4.27). 2
Proof of main results
Let us complete the proof of the existence of sign changing-bubble tower solutions to problem (1.1). 
Proof of

